We revise the one-pair complex poles soliton solutions on a Kasner background. In the literature, these were rejected as solutions with no cosmological interest due to singularities that supposedly show up at space-like infinity. The only accepted solutions of this kind were those with background metric parameter d = ±1. By computing the scalars I, J we find that there are no scalar singularities at all, for a wide range of the background parameter d. This means that there are actually an enormous number of acceptable simple complex-poles solutions, besides the d = ±1 cases. These solutions are interesting, because they are much simpler than the two-pairs complex poles solutions and, consequently, it is easier to draw conclusions and relate physical phenomena to them.
Soliton solutions in general relativity are some remarkable solutions of the Einstein equations in vacuum. The mathematical tool needed to produce such solutions was introduced by Zakharov and Belinski [2] . In their pioneer paper, they demonstrated how we could use the Inverse Scattering Method (ISM) in order to integrate the nonlinear partial differential equations that result from the Einstein equations in vacuum.
The method of producing soliton solutions requires the knowledge of a suitably symmetric metric that is a vacuum solution of the Einstein field equations. This is called the background metric and the method allows one to construct new metrics that feature disturbances, propagating along an axis of symmetry. The produced metrics bear no resemblances with the background metric near the soliton origin and on the light cones. This indicates that the solitons significantly affect the background metric.
In order to be able to use this method we must choose a background metric with the desired form:
(1) The produced solutions have the same form as the background metric. We are going to use the Kasner metric as a background. The one-pair complex-poles soliton solutions are the simplest possible solutions with physical meaning. They are given by the equations: and γ 1 are given by the equations (4.75) and (4.76) in [1] . In this paper we will examine this metric for various values of the background parameter d.
All these solutions are singular at t = 0 but this singularity is of cosmological origin, since it is also present in the background metric itself. To further explore these metrics, we are going to compute the scalars Ψ 0,2,4 , I, J [3] . To simplify the expressions of those, we are going to use the coordinate transformation which was introduced by Verdaguer [4] . Using those coordinates we find:
where the label (sn) stands for (±) in [1] and the constant sn is respectively either equal to +1 or −1. The metric components (2, 3) in the coordinates (T, Z, X, Y ) become:
In these coordinates (T, Z, X, Y ) the expressions for the Ψ-scalars are simplified [1, 4] :
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where
where n is the number of solitons, h = n i=1 h i and h i are arbitrary constants used in [4] . They were introduced in order to study cases of degenerate poles. In this discussion we will mainly consider the simple case of h 1 = h 2 = 1, known as the true soliton case. Note that the expression for the Ω ± given in [1, 4] includes an erroneous term. Namely, in the fourth row, the second term in the first parenthesis is h 2 rather than h, which is written in the corresponding expression in the literature.
Coordinates (T, Z, X, Y ) make the analytic expressions simpler. If the metric is singular at space-like (T < Z, Z → ∞), time-like (Z < T, T → ∞) or lightlike infinities (T = Z, Z → ∞), then the scalars I, J will diverge at those limits. The cases of d = ±1 are special, because, with a suitable coordinate transformation, the background can be shown to be the Minkowski spacetime. For this reason we are going to examine those cases separately.
II. BACKGROUND WITH d = ±1
From equations (7-10), it is easy to see that the scalars I, J do not diverge for suitable values of the background parameter d. At the aforementioned infinities, we see that the functions Ω ± obtain finite values. Therefore, for the behavior of the scalars, it suffices to consider only the behavior of f 1 . From equations (8, 9) we see that Ψ 0,2,4 ∝ f −1 1 , so when f 1 diverges, Ψ's tend to 0. On the other hand, Ψ's diverge when f 1 tends to 0, which corresponds to the cosmological singularity that is also present in the background. Furthermore, from equation (7) we see that f 1 diverges when d 2 > 1 at space-like infinity, whereas at time-like and light-like infinities f 1 diverges regardless of the value of d. Consequently, for d 2 > 1 the scalars tend to zero at the corresponding infinities and the metric features no singularities.
The results described above have been obtained with a straightforward analysis of equations (7-10). However, there is one more constraint, that the background parameter needs to satisfy, so that the metric is non-singular. This extra constraint cannot be seen directly from the above equations. The constraint comes from the region of spacetime in the initial coordinates (t, z, x, y)where t << z, z → ∞, i.e. close to the z−axis. To discover this constraint we will need the analytic expressions for the behavior of the scalars I, J at the aforementioned limit. I, J have the same behavior, written as power series in this region, so it suffices to present the results for only one of those. At space-like infinity, where t << z, z → ∞, we have:
where C is some constant. The scalar will not diverge if
This means that there is an extra constraint that d needs to satisfy. Combining the two constraints we conclude that there is a wide class of one-pair complex-pole soliton solutions that feature no infinities all, with respect to scalar singularities. If sn = +1, then the accepted values of the background parameter are d ≥ 2, otherwise if sn = −1,
The accepted values of d depend on the sign of the pole trajectories sn that we have chosen.
It is interesting to compare at these limits the soliton solutions with the background one, that is the Kasner metric. In order to do this, we will begin with the metric itself. At space-like infinity (t << z, z → ∞) we have:
At time-like infinity (z << t, t → ∞) we have:
At light-like infinity (t ≈ z, z → ∞) we have:
From these equations we can speculate that before the passage of the wave and at large z, which is the spacelike limit, the metric is not Kasner. However, after the passage of the wave and for large values of t we see that the metric tends to the background. The g 11 , g 22 components in this limit are equal to the background values and the f component is a multiple of the background value. As a consequence, it is highly likely that there is a suitable coordinate transformation that brings the metric to a Kasner form.
An invariant characterization of the metric is possible through the scalars I, J. Besides the fact that those scalars indicate whether the metric is singular or not, they are also useful because they could be used as an independent criterion to check if the metric is indeed a Kasner metric in unusual coordinates.
The scalars for Kasner background are:
(21) As we see both are functions of t raised in some power. Due to this we have that:
which is constant. This is an invariant result. It holds in every coordinate system. This means that if the soliton metric tends to the background metric at a limit, then the aforementioned fraction of the scalars of the soliton metric must tend to this constant value as well. In order to avoid infinities at points where J becomes zero, we also formulate the following composite invariant:
When the soliton metric tends to the background one, then ξ → 1 and τ → 1. When J → 0 ⇒ τ → √ 2. Once again the analytic expressions are very complicated so we will only present the corresponding plots. From Fig. 1 it can be seen that before the passage of the wave the metric is perturbated and does not tend to the background. However, after the passage of the wave τ → 1, and this means that the metric indeed tends to the background in this limit. Due to the above analysis, a suitable coordinate transformation must exist, such that the soliton metric transforms into the background in the time-like infinity. To find this we start from the metric. At time-like infinity it tends to:
By using the following coordinate transformation:
where c = (4c 1 ) −1 , we find that the metric can be written as:
which is indeed the Kasner metric. From equations (15-20) we see that, at first order, the expressions of the metric components have the same behavior as those of the background metric at the time-like and light-like limits. However, from the above discussion, we conclude that the metric tends to the background metric only at the time-like limit. This is due to the fact that, at light-like limit, terms of higher order have more significant derivatives. Consequently, in the limit t = z → ∞, the derivatives of the components of the metric have different behaviors. Thus, the scalars I, J do not tend to the background scalars. We also see this result in Fig. 1 , where the function τ does not tend to unity at t = z.
As was mentioned previously, the scalars I, J are very useful, but they do not have a direct physical interpretation. The scalars with direct physical interpretation are Ψ 0 and Ψ 4 . Due to this, it is interesting to present the plots of those. However, the figures of Ψ 0 and Ψ 4 are symmetric under the exchange z → −z. Hence, we will present the plot of only one of those two. Furthermore, we have the freedom of choosing a suitable boost A, when plotting the Ψ-scalars. In the literature, the boost that has been used is A = √ f when plotting Ψ 0 and A = 1/ √ f when plotting Ψ 4 . With these boosts we have at light-like limit:
This dependence is being referred to as typical behavior of gravitational waves [1] . However, solitons in other aspects of physics are shapepreserving wave packets. To observe such behavior in gravitational solitons we have chosen a different A to boost our tetrad. Choosing A = t Fig. 2 that we obtain the desired result. In this coordinates, the scalars, for small values of t, are increasing up to a specific time, where they acquire their maximum values. After that time, they propagate with their peaks maintaining a constant value.
It is obvious from these plot that the metric features two disturbances. One moves towards smaller z up to z → −∞ and the other towards greater z up to z → +∞.
From the above discussion it should be understood that the peak of the soliton is not located at spacetime points with t = z. The trajectory of the peaks in the (z, t) plane is close to the z = t line. The actual velocity of the peak slightly exceeds the speed of light (see the analytical expression for the magenta curve in Fig. 2) .
Since the scalars Ψ 0 are symmetric, the trajectory of the peak for negative values of z will be given from the same equation with the exchange z → −z.
III. BACKGROUND WITH d = ±1
The cases with d = ±1 are special ones because the background is the Minkowski spacetime. Again an analysis of equations (7-10) shows that, for |d| = 1 there is no singularity at the infinities. However, there is a constraint that can not be seen directly from these equations. To find this constraint, we are going to use coordinates (t, z, x, y) and expand the scalars I, J as power series at the region of space where t << z, z → ∞. As mentioned before, those two scalars have the same behavior at infinities, so it is sufficient to present the results for one of those. At space-like infinity we have:
From these we conclude that, in order for the metric to feature no scalar singularities, we should have d = sn = ±1.
The expansions of equations (12-20) are also valid for |d| = 1. Consequently, the soliton metric tends to the background only in the time-like limit. However, from equations (21), we see that
This means that we can not formulate the function τ of equation (23) for these metrics. Therefore, we will use the shear and the expansion invariants alternatively [3] .
For a metric of the form (1), with g 11 = t 2 /g 22 , the rotation is equal to zero while the other two scalars are given by:
From these we find that, for the background metric, we have: This result is again invariant. In order to see if the soliton metric tends to the background we will use the following function:
When κ → 1, we will assume that the soliton metric tends to the background. Thus, from Fig. 3 , we conclude that the metric tends to the background at the time-like infinity.
Finally, Fig. 4 shows the scalar Ψ 4 for d = sn = −1. The boost we had used in the previous cases is equal to unity for d = ±1, therefore there is no need to use any boost at all, in order for the peaks of the solitons to obtain a finite final value. This behavior can be clearly seen at Fig. 4 . It has the same behavior as the soliton metric with d = ±1. The trajectory of the peak is, again, very close to the line t = z.
IV. CONCLUSIONS
We have analysed the one-pair complex pole soliton solution on Kasner background, which we claim that are the simplest solutions with physical meaning. We have used a number of scalars to study the properties of these metrics.
We found that there is a wide range of accepted soliton solutions for various values of the background parameter d. Specifically, we found that the accepted soliton solutions are those with either d = sn or sn · d ≥ 2. Note that for an arbitrary value of the parameter h = h 1 + h 2 , instead of h = 2 on which our previous analysis is based, the above inequality for d, in order to obtain non-singular soliton solutions, should be recast to sn·h·d ≥ h 2 . In the literature, only the metrics with d = ±1 were accepted. New scalar functions τ and κ were introduced, in order to compare those metrics with the Kasner background. We found that the metrics tend to the background Kasner metric only at the time-like infinity, but they deviate from the background at the space-like and light-like infinities. From equations (12-20) it has been found that these metrics start as inhomogeneous near the soliton origins and become homogeneous at time-like and light-like infinities. However, at space-like infinity they remain inhomogeneous and this enables us to interpret these as metrics that do not describe inhomogeneities propagating on a Kasner background.
Furthermore, a boosted coordinate system, where the peaks of the solitons assume constant values as they propagate, has been found. In this boosted coordinate system, the disturbances on the graphs of Ψ 0,4 behave like solitons in other fields of physics, in the sense that they keep constant peak values as time passes.
